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There is proposed a new method of solving three-dimensional boundary value
problems of the linear theory of elasticity, related to the Castigliano principle,
Construction of the solution reduces to determination of the projection of an
element satisfying the equation of elasticity theory in the domain, and the
boundary condition on a free part of the boundary, in the subspace of boundary
values of solutions of the boundary value problem of the theory of elasticity
with inhomogeneous natural boundary conditions,

l, Formulation of the problem, Scheme of the method, The
Castigliano principle, to which the method of orthogonal projections reduces in
problems of the theory of elasticity [1], is that out of all the stress tensors satisfying
the equilibrium equations in the domain and a boundary condition on a free part of
the boundary, the elastic stress tensor expressed by the inequality

IR*[|z? = | Ra[ls? 4 | R* — Ro [|z* > | Ro || (1.1)

communicates the least strain potential energy to the body,

Here R* is an arbitrary stress tensor satisfying the equilibrium equations of an
elastic medium, and the boundary condition on a free part of the boundary, R, is
the elastic stress tensor, X is the Hilbert space generating a set of tensors  with
finite energy integral. This space is decomposable [1] into an orthogonal sum X =

Zy @ Z, where X, isasubspace of tensors R’ associated with the displace-
ment vector u’ satisfying the boundary condition on the fixed part of the boundary,
and X, isa subspace of tensors R” related to the displacement vector u” satisfying
the homogeneous equilibrium equations and the boundary condition on the free part
of the boundary, Then the condition of orthogonality of the tensors (R, R"yp =
and R* =R’ -+ R", R'= I, R"= X, holds,

We represent {2] an arbitrary displacement vector u* (x) related to the tensor

R* satisfying the elasticity theory equation Au* = K and the boundary condi-
tion on the free part of the boundary §, in the form of the sum u* (z) = u, (z)
+ @o (z),  where u, (z) is the energy solution of the fundamental boundary

value problem of elasticity theory, and the vector @, (x) is the solution of the
additional boundary value problem

Ag, = 0 in G, tM(qo)]s = tV (u¥)|s (1.2)
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a
Au= — = [Citim (2) 81 (W) x{”, 226
. i

duy du,,
Slm(u):"i‘('&g—‘-i——'a‘;—z—'), Lbm=1,2,3

t () = X Cigm (2) & (W) cos (v, z3) x{¥
ik, 1, me=1

Here A is the differential operator of anisotropic elasticity theory, ¢y, (2) are
the anisotropy coefficients of the medium which satisfy symmetry conditions  [1],

€ m (U) are strain tensor components, 2%’ are directions of the axes z; G _ E 5
is a bounded domain occupied by the elastic medium, with a two-dimeunsional suffic-
iently smooth surface § as boundary, and t) (u) is the vector of the stresses acting
on the area of the surface §,

The solution of the second inhomogeneous problem (1, 2) of elasticity theory will

be undemtood in the generalized sense as a vector @, & W,! () satisfying the integ-
ral identity

2 [ W (9o, )d6 — Js(u,u*) = 0, VusW}(6) (1.3)
G

8
W(u,V):% 2 CixtmEim () &k (V), Js(u, v ::Su.ttw(v)ds
S

i, k, I, m=={

Here W (u, u) is a positive definite quadratic form in the components of the elastic
strain tensor, The Betti formula [1] based on the fact that {3] for ue& W,}(G) and
Aucs L, (G) the trace du/ dv & Wy /" (S) is defined uniquely (/v is the
derivative with respect to the external normal v to §) is used in (1,3), Upon com-~
pliance with the conditions

1 uryds = [ 4 (u¥) - rds = 0 (L.4)
5 8

Sn(pgdG = Yrot, @odG = (1. 5)
& &

zero is not an eigennumber of the problem (1, 2) [2], and the operator (A, t™) is
an isomorphism from  W,! (G) on L, () X W5 '*(S), i.e., the problem (1.2)
has a unique solution in the sense (1. 3) for any vector t™ (u¥) & W, (§) sat-
isfying (1.4).

The construction of the method of orthogonal expansions on the domain boundary
reduces to the construction of a subspace of traces W (S) CC W, (§) in which the
traces Ugls and ols, which make the surface integral Jg in(1.3) vanish, are
orthogonal for all the boundary conditions of elasticity theory problems ( W, (S) is
the Sobolev—Slobodetskii space, and Wy 2 (8) isits dual [3,4]).

The problem of constructing such a space reduces to the problem of constructing
the equipment of the fundamental space Wy = L, (S) = (L, (8)) (the prime
denotes duality) of a dual pair of spaces of the traces W ( W, W’ for which
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the operator T generated by the boundary form Js as the duality ratio on W, (S)
X W;"* (8) (which is an extension of the scalar product in L, gS) because of
the continuous and compact imbeddings Wy'* (S) ¢ Ly (S) C W, (S)) is an iso-
metry from W into W’, This latter is determined by the relation from the known
Riesz theorem [5]

(u, Viw = (0, TV)w, = (Tu, TV)w,, Vu,veW (1.6)
Then hypotheses about the method of orthogonal expansions in the domain boundary
result from the properties of the operator T, If T = T,, where T, is the
canonical isometry from W,"* (§) into Wj "/* (S) (the operator is called partially
isometric if it is isometric on the orthogonal complement to its core [5] ), then the
operator T*T is the projector on the subspace (ker T)L , the initial space of part~
ial isometry [5], and T is the unitary mapping of (ker T)L on W; gk (S (ker T ;
ues Wy (S ) | Tu = 0). In this case the orthogonal decomposition of the space

W,* (S) holds
Wy (S) = ker T @ (ker T)L, dimker T < oo (L)

The subspace (ker T)! is a subspace W (S) of boundary values of the vectors 9o,
the solutions of the additional problem (1.2), Then, the method of solving the fund-
amental boundary value problem of elasticity theory for u, (), which is the fund-~
amental method of orthogonal expansions on the domain boundary, follows from thie
orthogonal expansion of the space W,/* (S). Let u* (z) be an arbitrary vector
satisfying the elasticity theory equation Au* = K in the domain G (K (z) is
the volume force vector) and the boundary condition on the free suface S such that

u*ls & W,*(S). Projecting the vector u* onto the subspace (ker T} — W
and subtracting the projection T* Tu* = ¢, from the vector u*, we obtain u, =

u* — @,. Therefore, the element u, satisfies the equation Aup = K in the
domain (3, and the condition w,ls == (u* — @,)|s & ker T holds on the bound-
ary S . The imbedding is here understood in the sense (Tug, V)os = 0, Vv = w,
therefore, Tuo = 0 and since T is the unitary mapping of W (S) onto Wy It (S),
then w, | s =0,

The problem of constructing the method of orthogonal expansions on the domain
boundary therefore reduces to proving the following auxiliary propositions;

a) The operator T is a partial isometry from W,* (S) into Wy 1+ (8)s

b) The initial space of this partial isometry is a subspace of the boundary values
of the solutions of the additional problem (1, 2).

Let us note that the constructions expounded have points of contiguity with the
abstract scheme of the method of orthogonal projections of the solution for boundary
value problems of second order elliptic equations [1]. In particular, the condition of
applicability of the method of orthogonal projections is common, i.e,, we represent
the positive operator in the form of the product of two conjugate operators, As will
be shown below, T*T issuch a product. There are also certain analogies with [6],

2, Construction of the Space W(S)= W, (8). Let us
prove the propositions a) and b) formulated in Sect. 1.
Let the vector functions & and v satisfy the equation Av = ( in the domain
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G. Then, according to the Betti formula [1], we obtain

ZSW(u, v)dG = Jg(u, v) z.n
G

It hence follows that the bilinear boundary form Jg (u, V) is symmetric, and if the
vector functions u and v satisfy the condition (1,5), then the corresponding quadratic
form Jg (u, u) will be positive, According to the Riesz theorem on the general form
of a linear continuous functional in Hilbert space [7] for the bilinear form  (u, t®
(v))> = Js (u, v) (the angular brackets signify the duality ratio on W, (§) X

We* (8)), which is separately continuous because of the generalized Schwartz in-
equality | Cu, t™ (v)> [ < [julky, s 18 (V) [l 8, the following representation
holds;

Js(u,v) = (u, Tv),s, VusWy*(S) (2.2)

Here T is some linear continuous operator determined in the whole space W (§)
and acting in  W;'/* (§) such that

BTV s s = IV (N v, s <[ Vi, 5 ¢ >0

The compactness of the operator T follows from the compactness of the imbedd-
ing of o/ (S) into W7 (S) and there results from the symmetry of the bi~
linear form Jg (a, v) and the positivity of the quadratic form Jg (u, u) that the
operator T is symmetric and positive, We define the Hilbert conjugate operator T*
acting from  W;'* (§) into W, (§) for the bounded operator T by the equal-

ity 0 T9)pp, s = (T*P, @)y, 5,  VYSWT(S), =W, (S)

Setting = Tv & W; " (), ¢ = ue W, (S), we obtain

(T*TV, ﬁ)x/,’ 5= (TV, Tu)_x,r,, s (2.3)
Lemma 1, Theoperator T*T actingin W, (§) is self-adjoint and
positive,
The proof follows from the fact that the domain of definition is D (T*T) =
W, (S) and the operator T is closed and positive.
Let us define a new scalar product
[w vl s = (w, T*Tv)y, s (2.4)

with the norm | u |y, 5 = {lu, u}, s}, for the vector functions u, v
W, /%(S)since the absolute value of the operator T is defined in the form | T | =
V T*T, then the scalar product can be defined also as follows

[U,V]s/g,s = (*T'U,foV)x‘/‘,S (2.5)

The Hilbert space thus obtained which is isometric to the space W," (8), as follows
from (2.5), will be denoted by Wi'/s (S). There follows from the isometry of the
spaces W, /* (§) and W,* (S) that the space conjugate to Wy (S) is Wil
(8). There results from (2,3) and (2.4) that the spaces W3 /* (S) and W, (S)

are isometric
[u, Vllj,, g = (Tu, TV)._..;/Z, S, VL‘{, VEW;“/: (S)



Orthogonal expansions in problems of the theory of elasticity 741

Therefore, the operator T : Wy''* (S) — W5/ (S) is isometric and unitary
because of the reversibility (the core of the operator T in Wy * (S) is ker T= {0}).
Therefore, the space constructed W /* (S) is a subspace of the traces u |s = W,

(S) for which the boundary form Jg (u, u) is positive. It follows from the results
of Sect,1 that the boundary values ¢, |g of the solution @o of the additional prob-
lem (1. 2) in the sense of (1. 3) belong to this subspace,

It follows from the theorem on the polar decomposition of bounded operators [&]
that the polar decomposition T = U | T | holds for the operator T acting from

Wy (S) into W, (S), where |T| =}/ T*T is a positive operator acting
in  Wy*(S), and U is a partial isometry from W, (S) in W™ (S), which is
defined uniquely by the condition ker U = ker T. Since the operator is reversible,
then the operator U in the decomposition presented is unitary [5],

Lemma 2, Theoperatoris U = T, in the polar decomposition T =
U |T|, where T, is the canonical isometry of W, (§) into W,/ (S).
The proof results from the fact that the operators U and T, isometrically map
the domain of values of the operator | 7|: Ran |T| = Wi+ (S) into W,
(S}, and therefore, the following representations hold

(W, Vi s =@ UV, [0Vl s =@ ToV,s, Vi, v&W;"(S)

Examining these equalities jointly, we obtain that U = T,. The propositions
a) and b) formulated in Sect. 1 are proved on the basis of the polar decomposition
T=T, |T]|.

Theorem 1, The operator T is a partial isometry from the space W," (S)
into the space W; /* (§) which satisfies the condition ker T = ker T, with the
intial space (ker T)L = Wy /2 (S).

The proof follows from the fact that the equality Tu = T,u holds in the vector
functions u & Ran|T| = W;"*(S) , and, predefining the operator T, to be
zero in the orthogonal complement (Ran | T |)L , we obtain ker T = ker T, =

(Ran | T )L because of the equalities (Ran | T |)L = ker | T | (which follows
from the self-adjointness of the operator | T | = | T |*) and ker T = ker | T|.

Corollary, The orthogonal expansion (1,7) of the space W5 (S) holds,
and the operator T*T isa projectoron Wj * (S).

Since the spaces Wy'/* (S) and Wy'* (S) are isometric, then by the Riesz
theorem the relationship (see (1, 6)}

[u, vly, s = (U, Tv)o, s = (Tu, Tv)y;, s, Vu, VEW’;'/’ ® (2.6)
holds, From this and (2, 2) there follows
(u, Vly, s = Js(u, v), Vu, veaW3'*(8) (2.7

From (2.7) there follows that

1°, The bilinear form Jg {u, v), Vu, v & Wy'/*(S) can be considered as
a generalization of the fractional scalar product in the space W,'* (S) in boundary
value problems of elasticity theory;

2°, If the vectos u = W,* (S) and t™ (v) = W;"/* (S) make the integral
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Js (u, v) vanish, then the vectors u|s and v|g are orthogonal in the metric
of the space of traces W '* (S).

3, Orthogonal expansions on the domain bound-
ary in elasticity theory problems, Letusformulate the
condition for orthogonality of the traces U’ g and u”|s of the displacement
vectors 1’ and u” associated with the tensors R” and R” and making the boundary
integral Jg (u’, u”) vanish, in the metric W,/ (S). Let us prove some auxiliary
propositions,

Lemma 3, Let P < W, (8) be a closed subspace of traces of the vectors

s

u’. Then the linear set of functionals
= {tV (") &SWy 1/2 (S)I <ll/, t (un)> -0, Vuep)

is a closed subspace of the space W; '* ().

Let {ty” (u")} be a sequence in PL for which || &’ (u”) — ™ (u”) |y, s — 0
and 4O () EWFH(S),  then [, 67 (') — w Wil < Ju s
[ t5” (") — t (") [|—yy,, s~ 0. Therefore A® (u") &

We call P~ the orthogonal complement to P in W;"* (S),

Lemma 4, The linear set
P® — (w'=Wwi(S) [[u,u’]:, s =0, VueP}
is a closed subspace of the space Wy (S) and is a Hilbert orthogonal complement
to P in W' (S).
Lemma 4 is proved analogously to Lemma 3,

Lemma 5, The relation between the subspaces P® and P-L iof the dual
pair Fl: (8) % W:"* (8) is established according to the relationship ~ PL =
TP®, where T is the isometry Wy (S) into Wy (S).

Indeed, since by virtue of the equalities (2, 6) and (2.7)

[, u)y, s = (0, Tu"y, 5 = <0, 4O (0")>, Vu'=W5"(S)
then U’ & P® ifandonly if Tu” & PL, i.e., when (™ (u") & P-L.

The subspace P will be treated as a subspace of the boundary conditions for the
displacement vectors u’ on the clamped part of the surface S; the subspace P®
is treated as a subspace of the boundary values of the vectors u” which satisfy the
homogeneous elasticity theory equation Au” = 0 and the boundary conditions on
the free part of the surface in the domain G .

Theorem 2., Ifthe vectos u'|s &= P, t™ (u") & P, i.e., are ortho-
gonal in the sense <u’, 1™ (u”)> = (, then the vectors v’ |[s & P, u" s &
P®, i,e., are orthogonal in the sense [u’, u”];;, s = 0.

Theorem 2 results from Lemmas 3—5.

Corollary, The orthogonality condition [uy, @oly,s = O holds for the
expansion U¥ = ug, |- @, (see Sect, 1),

Theorem 3, An arbitrary displacement vector u* satisfying the elasticity
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theory equation Au* = K and the boundary condition on the free part of the surface
S suchthat u*|s & W, (S) will be represented in the form u*|s = u’|s -+
u’|s, u'|s &= P, u"|s & P® on the boundary S.

Let the stress vector ) (u*) associated with u* (z) vanish on the free part of
the surface S. Let u’ be the vector of the elastic displacements, then u'|s & P
and ™ (0) & PL, Letusset u” =u* — u’. Then the vector u” satisfies the
homogeneous equation of elasticity theory, We show that u’|g € P®. Indeed, since
the relationship (u’, t™M(u*)> = Js(u’, u*) = 0, holds forthe boundary conditions
of elasticity theorem problems, then by virtue of Lemma 3 the vector t™"}(u*)e= PL,
Then the vector t™ (u") = ¢ (u*) — t™ (') = PL. Hence u’|s & PO®
follows by virtue of Lemma 5,

Corollary, The orthogonal expansion
Wi (8) = P @ PO,
follows from Theorems 2 and 3,
since T is a bounded operator from W, (§) into W,/ (S), then the expres-
sion (u, Tv)y, s, Vu, v &= W, (S) is a bilinear continuous functional in W (S).
Then the bounded linear operator T® which also maps W3 (S) into W' (S) and
for which (u, Tv),, 5 = (T®u, v), s, Vv = Wy (8), is determined uniquely, We
call the operator T® the generalized conjugate to the operator T. I u, v e
Wz’".f’z (S), then [a, V}n/,,s = (u, Tv), s = (Tu, v)o,s follows from (2. 6),
i.e., the operator T defined on W, (S) is generally self-adjoint T = T®
(the operator T® has the meaning of a self-adjoint Friedrichs expansion of the operator
TN

Lemma 6 (RanT)L = kerT.

The proof of the lemma follows from the exposition above (see [5], for instance),

Let us now specify the subspaces P and P® for the first and second boundary
value problens of elasticity theory [1].

The first boundary value problem is: u’ |s == uy|s = 0, then P = {0} and,
therefore, <u’, t™M ")) = (', Tu"),s =0, V™ (@)= W;"”s, ie.,
P+ = W;", Then u' & (RanT)L = kerT = P = {0} follows from Lemma
6, and P® = W, (8) = (kerT)- follows from P® = T-1PL , Therefore
the vectors U’ = @, t™ (u") = ™ (@,) are not subject to any boundary condi-
tionson § since the whole boundary is clamped,

The second boundary value problem is; t™ (u”)[s = tO (@4)|s = 0; then
PL= {0} and <, t® (")) = (', Tu)ys =0, Vu' & W, ie.,
P = W,*(8) (indeed, the vector u’ = u, Iis not subject to any boundary condi-
tions in the case of the second boundary value problem), From the relations P® =
T-1P+ and Lemma 6 there follows u” & P® = {0} = ker T, therefore, the
vector u’ = @4 =0 on §.

In fact, if t™ (u*) |s = 0, then the fact that the volume integral for all the
vectors W E Wyl (G) is zero (such that &, (u) 7= 0) follows from the integral
identity (1.3), Then @, = const, i.e., ¢, is the vector of a small rigid body
displacement without deformation, which is impossible since the constant satisfying
condition (1, 5) is identically zero.
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In conclusion, let us indicate the relationship between the exposition and the
Castigliano principle, which is that the norms of the stress vectors £ (u*), t™ (u),
t®) (@q) acting on the surface S are interrelated by an inequality analogous to
(1,1), In fact, the orthogonality of the elements Tu, and T¢, in the metric W,
(8) follows from the orthogonality of the traces u, s and @ ]s in the metric

W3 (S) and the equality (2,6). Then the inequality

“ t™ (u*) “i‘/z‘ 5 == ” £ (uﬂ) “i‘fe‘ s-+ “ t (“*) — {0V (lig) ”i.xjh s >
4 (o) 2, s

holds because of the equality |[Tu [l.y,,s = || t® (u) ||, s -

4 Construction of the solution of the funda-
mental boundary value problems of elasticity
theory, The first problem is: Au, = in G, uls =0,

1° From the results of Sect.3,- P = {0}, P® — ) (g) for the first prob-
lem, Then using the scheme of the method elucidatediin Sect, 1, we obtain the
solution u, by projecting the vector u* on the subspace P® — W3/ (S) and
subtracting the projection from the vector u* :u, = u* — Ilu* = u* — ¢,
where II = T#*T is the orthoprojector on W;‘ s (S) (see the coroliary to Theorem
1), Therefore, u, Js €& P = {0} on the boupdary,

2°, As follows from Sect, 1, the vector @, 1is asolution of the additional prob-
lem (1.2) in the sense of (1, 3), which hence satisfies condition (1,5). Let us construct
the projection ¢ == ITu*. Let {4, i=> be a system of linearly independent suff-
iciently smooth vector functions such that the §; satisfy the equation AP, = 0
in the domain G and the condition

{9dG =0

G
Let us orthonormalize the system {{,} with respect to the energy of the second
boundary value problem:

—_— ¥ [0 O e, = 2 5 W o, pyde = [L i =F (#.1)
! ‘pi {H’ G 0, i % ]{7

In fact{1], the expression
{2 {wmde}”™
G

for u e Wyl (G) satisfying (1.5), is the energy norm of the second boundary value
problem of elasticity theory. Let us subject the system {{;°} to the cordition of
completeness with respect to the energy of the second problem [1], Then, since ;°
satisfies A;° == 0 by virtue of the equalities (2.1}, (2.7) and (4,1), the system
{};°} is orthonormalized and complete in the metric of the space Wi * ().
Let us construct the projectior;

@o = Mu* = D) [u*, ., s¥° = D Js(u*, ) ¢°
i==]

i=1

sothat @, [s & PO, then wpls = (u* — @) s’ P = {0).
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3°. The vector @¢; = Js (¥, §;°) $:°, i = 1, 2, ... satisfies the integral ident-
ity (1.3), Indeed, we obtain from (1,3)

Js (u*, ) - 2 § W (%, u)dG — Js(u*,u) = 0, Vuc=W.(G)

Wenowset u = ¥,°, i = 1, 2, ..., and taking account of (4, 1) obtain  the
identity,

4°, Let us show that the vector u; = u* — @, is a solution of the first prob-
lem of elasticity theory. To do this it is sufficient to see that u, is the energy solu-
tion of this problem, Satisfaction of the boundary condition u, |s = 0 follows from
U s € P = {0}. The vector u* which is a solution of the equation Au* = K
satisfies the integral identity {2}

2 [ W (u¥, u)dG — Js(u*, ) - | KudG, Vuswy (G).
G G

The vector ¢, satisfies (1,3), therefore, the vector u, satisfies the integral ident-
ity
2 [ W (u,u)dG = | KudG, VusW,'(6)
G G

which is a generalization of the Fuler—Lagrange equation for the energy functional of
the first problem [1] for wu &= H, C w.,t (6) (H,is the energy space of the first
problem of elasticity theory [1] ),

The second problem is; Au, = Kin G, t™ (ug)]s = 0. For the second
problem P = W)/ (8), P® = {0). From P® = {0} there
follows that ¢gls = 0 and the vector ¢, isidentically zero as a solution of the
problem Ay = 0, & (@g)s =0 (£ (@o)|s = t® (u*)|s=0 is the condi-
tion on the free surface 8), Then u, = u* — @, = u*, and therefore, Au, = K
in  G; ontheboundary wuplse= P = W, (S). It hence follows that the
vector u*can itself be a solution of the second problem since

Au* = K, t™ (u)*|s = 0.
The third problem is: Au, = K in G, uofs, = 0, t® (u,)|s, = 0. The vector

o o
o = u¥* — 3 fuk, i, s = uF — B T (0% 90
=] =

is the solution of this problem (here the projector II; = T;*T, is determined just
by the integral over §,). Therefore u, |5, = (u* — @)ls, = Ps, = {0},
hence the vector u* and the coordinate functions Y; must be subjected additionally
to the condition ™ (P;) |s, = O.

As follows from [8], the vector u* can be taken as

u* (z) = [ VKdg
G

where V is the Somigliana tensor [8]
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